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Leiden’s Contributions to Physics

Photonics

Classical Mechanics
Quantum Mechanics
Magnetism
Thermodynamics
Superconductivity

VVYVVYVYYY

For the next three hours you will have to do with a mere computer scientist (me).

But computer science is just getting started, and we are already winning physics prizes:

NOBELPRISET | FYSIK 2024
THE NOBEL PRIZE IN PHYSICS 2024

n

John J. Hopfield Geoffrey E. Hinton
Princeton University, NJ, USA University of Toronto, Canada

for grundléggande upptéckter och uppfinningar som méjliggér maskininléming med artificiella neuronnéatverk”

for foundational discoveries and inventions that enable machine leaming with artificial neural networks
#NobelPrize
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Santiago 2026 — a three-lecture series

14:30 — 15:15 Demystifying Quantum Computing
15:30 — 16:15 Demystifying Quantum Computing
16:30 — 17:15 Quantum Circuit Analysis with #SAT

16:30 — 17:15 Knowledge Representation for Quantum Information
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Santiago 2026 — a three-lecture series

14:30 — 15:15 Demystifying Quantum Computing
15:30 — 16:15 Demystifying Quantum Computing
16:30 — 17:15 Quantum Circuit Analysis with #SAT

16:30 — 17:15 Knowledge Representation for Quantum Information

We will interleave the tutorial part.
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Quantum Computing Quiz: True or False?

» The single-qubit Hadamard gate can create superposition.
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Can we illuminate superposition, entanglement, and measurements
based on concepts that we computer scientists understand well?
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based on concepts that we computer scientists understand well?

Takeaway: we will see that quantum computing concepts can be understood based on
our intuition from classical circuits and probabilistic computing.

“Quantum computing becomes easy once one takes the physics out”

— Scott Aaronson

It is even easier if you also take out linear algebra.
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Quantum Computing

“Nature isn't classical, d****t, and if you want to make
a simulation of nature, you'd better make it quantum
mechanical, and by golly it's a wonderful problem, be-
cause it doesn’t look so easy.”
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Quantum Computing

“Nature isn't classical, d****t, and if you want to make
a simulation of nature, you'd better make it quantum
mechanical, and by golly it's a wonderful problem, be-
cause it doesn’t look so easy.”

Simulating a quantum mechanical system requires exponentially many calculations.

Alfons Laarman 10 / 51



New complexity classes: BQP and QMA
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Alfons Laarman 11 /51



New complexity classes: BQP and QMA

NP

Circuit non-equivalence —— @ BPP

Circuit evaluation (simulation)

Definition (Probabilitistic Turing Machine)

Turing Machine with a probability distribution over transitions.

Alfons Laarman 11 /51



New complexity classes: BQP and QMA

NP
Circuit non-equivalence ——— @ BPP BQP
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New complexity classes: BQP and QMA

QMA (Approximate) quantum circuit non-equivalence

NP Finding ground states (LHP)

Circuit non-equivalence ——— @ BPP BQP

Circuit evaluation (simulation) Q S vt simulati
uantum circuit simulation

Definition (Probabilitistic Turing Machine)

Turing Machine with a probability distribution over transitions.
Definition (Deutsch’s Quantum Turing Machine)
Roughly:

1. Take a Probabilistic Turing Machine (the computational model in BPP)

2. Swap out the (full) in the transition relation for a

Quantum Turing machines are not used: We will use circuits as computational model.
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The goal: fully error-corrected quantum computation as formalized in quantum Turing
Machine and quantum circuits.
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The goal: fully error-corrected quantum computation as formalized in quantum Turing
Machine and quantum circuits.
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Superconducting Trapped ions Neutral atoms Photonic
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Towards Quantum Supremacy
The main open questions

» Is there a quantum algorithm that outperformans classical algorithms in practice?

» Is there a problem where quantum computers have exponential advantage?
(or is BQP = BPP?)
=
P finding new quantum algorithms

P charting the classical/quantum boundary
P quantum foundations: non-locality, contextuality, ...

Classical algorithms can surprise us: Ewin Tang [1] gave an
efficient classical algorithm for the recommender problem
(at age 18) — charting that boundary is valuable in itself.

... progress remains important regardless of quantum supremacy

| 2
: simulating physical systems (BQP), finding ground states (QMA), ...
» Progress on quantum circuits to these physics applications.
[0)
— 0)
[0)
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Demystifying Quantum Computing

“Quantum computing becomes easy once one takes the physics out”

— Scott Aaronson

It is even easier if you also take out the linear algebra.

Alfons Laarman
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Tutorial: Quantum computing in a nutshell

Didactic approach: start from what computer scientists know, and push out to
quantum.

Classical circuits
A \4 al

[1]  D. Aharonov, “A simple proof that toffoli and hadamard are quantum universal,” arXiv preprint
quant-ph/0301040, 2003.

[2] M.-O. Renou, D. Trillo, M. Weilenmann, T. P. Le, A. Tavakoli, et al., “Quantum theory based on real
numbers can be experimentally falsified,” Nature, vol. 600, 2021.
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Tutorial: Quantum computing in a nutshell

Didactic approach: start from what computer scientists know, and push out to

quantum.

Reversible circuits

Classical circuits reversibility
AV Toffoli (CCX)
randomness randomness
Y Y

Quantum circuits
reversibility Hadamard + Toffoli [1]

Probabilistic circuits
a “die” / coin flip

push-out

What we skip: complex numbers [2] (we use reals. [FM’24] https://arxiv.org/abs/2407.11675

[1]  D. Aharonov, “A simple proof that toffoli and hadamard are quantum universal,” arXiv preprint
quant-ph/0301040, 2003.

[2] M.-O. Renou, D. Trillo, M. Weilenmann, T. P. Le, A. Tavakoli, et al., “Quantum theory based on real
numbers can be experimentally falsified,” Nature, vol. 600, 2021.
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Roadmap

» Quantum computing in a nutshell

Classical & reversible circuits

Randomness: the probabilistic die
Superposition: the reversible die (Hadamard)
Entanglement

Linear algebra

VYVYVYY

Classical circuits reversibility Reversible circuits

AV - Toffoli (CCX)
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From classical to reversible circuits

A circuit, f =aA b A c (two
ANDs — loses info):

a

A
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From classical to reversible circuits

A circuit, f =aA b A c (two
ANDs — loses info):

Reversibility

a

Reversible gates implement a
#outputs = #inputs

Dy T

Op

How to make an AND (A) gate reversible?

a anb a—e— a (input wire)
A b—e— b (input wire)
b a

c —@— c:=(aA b) (output wire)
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A circuit, f =aA b A c (two
ANDs — loses info):

Reversibility

a

Reversible gates implement a
#outputs = #inputs

D% f

Op

How to make an AND (A) gate reversible?
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A b—e— b (input wire)
b a

c —@P— c D (aA b) (output wire)

Alfons Laarman




From classical to reversible circuits

A circuit, f =aA b A c (two
ANDs — loses info):

Reversibility

Reversible gates implement a
a

g #outputs = #inputs
b— ] -

How to make an AND (A) gate reversible?

a anb a—e— a (input wire)
A b—e— b (input wire)
b a

c —B— c @ (aA b) (output wire)

a —e— a
b——»b

c [}
=0 aAb (ancilla)
=0 ——fF (output)

Output ¢t = f — but ancilla g holds garbage aAb.
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From classical to reversible circuits

A circuit, f =aA b A c (two
ANDs — loses info):

Reversibility

Reversible gates implement a
a

3 #outputs = #inputs
b— — L

How to make an AND (A) gate reversible?

a aNb a—e— a (input wire)
A b—e— b (input wire)
b a

c —@P— c D (aA b) (output wire)
a fol— a
b o — b
c H— ¢
=0 : — 0@ (aAb)&a7B) = 0 (ancite)
=0 ———@P—++— f (output)

: repeat the first Toffoli = ancilla g reset to 0 (clean, reusable).
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Reversible Circuit Exercise

Your turn. Make the follow

—

ing classical circuit

81

You may use the fact that

}F:(a\/b\/c)/\(d\/e)
d ———— I

82

NOT —@— is reversible: —-_aPp—=—.
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Reversible Circuit Exercise

Your turn. Make the following classical circuit

&1

}F:(a\/ch)/\(d\/e)
[

&2

—
\%
\

Solution A — two V gadgets: h=aVb, then gi=hVc; then AND — t:
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Reversible Circuit Exercise

Your turn. Make the following classical circuit

&
i
}F:(a\/ch)/\(d\/e)
d v b T
e &
Solution B — every ancilla (each V1) so all return to 0:

Moo QaoOonOoOT W

b
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Any classical circuit can be made reversible

Toffoli gate is reversible: a—e— a a a
(=controlled-controlled-NOT gate) b —¢— b b b
c—b— cd(anb)c G
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Any classical circuit can be made reversible

Toffoli gate is reversible: a—e— a a a
(=controlled-controlled-NOT gate) b —¢— b b b
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Theorem (Toffoli is universal)
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Any classical circuit can be made reversible

Toffoli gate is reversible: a—e— a a
(=controlled-controlled-NOT gate) b —¢— b b
c—b— cd(anb)c

0T L

Theorem (Toffoli is universal)

Any boolean function can be implemented using only Toffoli gates & ancilla bits.

Proof.
{NOT, AND} is universal. Toffoli implements both using at most two ancillas:

1 1
NOT: 1 1
a a
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Any classical circuit can be made reversible

Toffoli gate is reversible: a—e— a a
(=controlled-controlled-NOT gate) b —¢— b b
c—b— cd(anb)c

0T L

Theorem (Toffoli is universal)

Any boolean function can be implemented using only Toffoli gates & ancilla bits.

Proof.
{NOT, AND} is universal. Toffoli implements both using at most two ancillas:

1 1 a a
a a 0 anb

Note that we can generalize Toffoli’s definition for any predicate P.
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Reversible space and time

z1
T2 R
Y1 Zzﬁ Inputs
T ()
T4 —
|0)
e e e 0 0 ancillas
[0) B [0)
oRyJoN: = ’
1) v v }outputs
1 2 3 T4 |0) Y2
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Reversible space and time

z1

Z2
Y1 A
z3

inputs

ancillas
0)

Y1
outputs
w Jou

Your turn. Do we need one ancilla bit per gate? Expensive: Space = Time.
1 x1
Z2 :(\ x2
A
x3 x3
T4 — Za
0) —€ [0)
|0) © Y2
[0} [0)
|0) Y1
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Reversible space and time

T
o .
Y1 s Inputs
T (s
T4 —
|0)
(k) (e) (2) |
o) ancillas
oyYSol- g
1) v }outputs
1 2 3 T4 |0) Y2
Your turn. Do we need one ancilla bit per gate? Expensive: Space = Time.
1 x1
Z2 :(\ x2
A
z3 z3
T4 — Za
|0) —¢ [0)
|0) © Y2
[0} [0)
|0) Y1

[MEULI ET AL. (2019) REVERSIBLE PEBBLING GAME FOR QUANTUM MEMORY MANAGEMENT)]
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Reversible space and time

T
o .
Y1 s Inputs
T (s
T4 —
|0)
(k) (e) (2) |
o) ancillas
oyYSol- g
1) v }outputs
1 2 3 T4 |0) Y2
Your turn. Do we need one ancilla bit per gate? Expensive: Space = Time.
1 x1
Z2 :(\ x2
A
z3 z3
T4 — Za
|0) —¢ [0)
|0) © Y2
[0} [0)
|0) Y1

[MEULI ET AL. (2019) REVERSIBLE PEBBLING GAME FOR QUANTUM MEMORY MANAGEMENT)]

[LANGE, MCKENZIE, & TAPP (2000) REVERSIBLE SPACE EQUALS DETERMINISTIC SPACE]
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Uncomputation?

Your turn. How to fully uncompute this circuit?
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Uncomputation?
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Uncomputation?

Your turn. How to fully uncompute this circuit?

Flip the circuit!

It also happens to be the case that in linear algebra (AB...Z2) 1 =Z-1...B71A~1 .

cex—t = cex H1=H
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But how are reversible circuits related to quantum computing?

~
O sutwhatis quantum computing? (rovers Agorithm)

Quantum
Gates

Recipe for the oracle implementation for the Grover search quantum algorithm:

1. Take CNF formula F
2. Turn it into a reversible circuit Cg
3. Plug it into Grover's algorithm

https://www.3bluelbrown.com/lessons/grover/
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But how are reversible circuits related to quantum computing?

~
O sutwhatis quantum computing? (rovers Agorithm)

Quantum
Gates

Recipe for the oracle implementation for the Grover search quantum algorithm:

1. Take CNF formula F

2. Turn it into a reversible circuit Cg
3. Plug it into Grover's algorithm
4

https://www.3bluelbrown.com/lessons/grover/
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Physics connection: Maxwell’s daemon

A 1B A 1R B
RNV SR

Maxwell's demon opens the door only for fast molecules — sorting hot from cold,
seemingly lowering entropy for free.

Landauer’s principle: erasing one bit costs > kg T In 2 of heat. The demon must erase
its memory — the 2" law survives.

So irreversible gates (AND, erase) must dissipate; reversible ones (Toffoli, uncompute)
need not — computation can approach zero energy cost.

Quantum computing is reversible by necessity.

Alfons Laarman 22 /51



Roadmap

» Quantum computing in a nutshell

Classical & reversible circuits

Randomness: the probabilistic die
Superposition: the reversible die (Hadamard)
Entanglement

Linear algebra

VYVYVYY

Classical circuits reversibility Reversible circuits
AV - Toffoli (CCX)
randomness
Y

Probabilistic circuits

a “die” / coin flip
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Adding a probabilistic gate to reversible circuits

Now add one gate — a fair die @:

0 unbiased 0 or 1 (each 1)
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Adding a probabilistic gate to reversible circuits

Now add one gate — a fair die @:

0 unbiased 0 or 1 (each 1)

One fixed input, a output — our new ingredient.

Nl=

",
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This induces a distribution over bit strings

A classical “Bell pair’: roll the die, then it with a cNOT (controlled not).

start after die after cNO
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This induces a distribution over bit strings

A classical “Bell pair”: roll the die, then copy it with a CNOT (controlled not).

0 —D— b

start after die after ONOT

Perfectly correlated: %(00) + %(11). n random bits = an exponential (2") vector:

1o
3000 +3011) = | § | |
1/2
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The die: does it matter when you open the box?

Two dice in a row. Watch the as we open the box at different
points:

—8—18)

[T Nl
NI Nl
Nl= IS
Nl Bl
+
I
I
N

The box is — nothing measured yet.
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The die: does it matter when you open the box?

Two dice in a row. Watch the as we open the box at different
points:

.........................................

: outcome 0/1 with %(0) + %(1)
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The die: does it matter when you open the box?

Two dice in a row. Watch the as we open the box at different
points:
o——OHAHO {7}
middle efd
|

: collapse to 0/1, then a fresh die — %(O) + %(1)
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The die: does it matter when you open the box?

Two dice in a row. Watch the output distribution as we open the box at different
points:

mu#dle er‘rd

I I

I I

I I

I |
R LR rmmmmssam s .
. l '
. 1 1 1.1_1 .
' 3 2 ° 3t3=3
. ! .
| % | .
I I .
. % I 1 I .
. I 2 I .
N .
1 1 .
. 2 2 .
. | .

The distribution never changes: classical measurement is passive.
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Punchline: randomness costs reversibility

How to reverse?
1
(O——()
1
) F——

i
N[
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Punchline: randomness costs reversibility

How to reverse?

1

Rolling twice does undo a roll — the result stays random:

0 —EHEHA 1

still 0/1, each 1
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Punchline: randomness costs reversibility

How to reverse?

1
1
El 2
1

Rolling twice does undo a roll — the result stays random:

O w0
0 1 %
still 0/1, each 1 : 3
hoanG
Why?

A die is (inputs 0 and 1 give the same outcomes) — it has
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Punchline: randomness costs reversibility

How to reverse?

1
1
El 2
1

Rolling twice does undo a roll — the result stays random:

O w0
0 1 %
still 0/1, each 1 : 3
hoanG
Why?

A die is (inputs 0 and 1 give the same outcomes) — it has

Can we make randomness reversible again?

Alfons Laarman



Roadmap

» Quantum computing in a nutshell

Classical & reversible circuits

Randomness: the probabilistic die
Superposition: the reversible die (Hadamard)
Entanglement

Linear algebra

VVYVYVYY

Classical circuits reversibility Reversible circuits
AV - Toffoli (CCX)
randomness randomness
Y Y

Probabilistic circuits Quantum circuits
a “die” / coin flip reversibility Hadamard + Toffoli [1]

push-out

Alfons Laarman 2



Making it quantum: the Hadamard is a reversible “die”

A Hadamard gate is like a
- one roll always gives 0 or 1 with 50%

|0) unbiased 0/1 (measurement)
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Making it quantum: the Hadamard is a reversible “die”

A Hadamard gate is like a
- one roll always gives 0 or 1 with 50%

|0) unbiased 0/1 (measurement)

- Two rolls maps |0) to |0) and |1) to |1) (identity).

) 0
1 o
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Making it quantum: the Hadamard is a reversible “die”

A Hadamard gate is like a
- one roll always gives 0 or 1 with 50%

|0) unbiased 0/1 (measurement)

- Two rolls maps |0) to |0) and |1) to |1) (identity).

) 0
1 o

For this, we need “negative probabilities” (amplitudes).
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Behind the Hadamard: the same box, new weights

The same automaton — but the weights are now (which may be

);

(closed)

D)
1/1/\
®

2
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Behind the Hadamard: the same box, new weights

The same automaton — but the weights are now (which may be
); measuring them.

..................................
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Behind the Hadamard: the same box, new weights

The same automaton — but the weights are now (which may be
); measuring them.
— Il
1
10) —{H} I —{H
@) o ® o |
1/1/9\ Y2

...................................................
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Two Hadamards: now it does matter when you open the box

Amplitudes on the paths into each output add — and can cancel:
|0) H H

() MM
V3
1/V2

1/v2

The box is closed.
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Two Hadamards: now it does matter when you open the box

Amplitudes on the paths into each output add — and can cancel:

(Yo rve—()
1/V2
1/V2
1/V2
\@ @)

Open at the end: constructive to 0, destructive to 1 = outcome 0 with certainty.
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Two Hadamards: now it does matter when you open the box

Amplitudes on the paths into each output add — and can cancel:

1/V2

Open in the middle: collapse to 0/1, then a fresh H = back to 50/50 — interference
gone!
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Two Hadamards: now it does matter when you open the box

Amplitudes on the paths into each output add — and can cancel:

Quantum: it matters when you open the box.

Contrary to the probabilistic case, the superposition ‘seems real:’ Nature allows the
system to be in many states at once.
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Two Hadamards: now it does matter when you open the box

Amplitudes on the paths into each output add — and can cancel:

Quantum: it matters when you open the box.

Contrary to the probabilistic case, the superposition ‘seems real:’ Nature allows the
system to be in many states at once.

T s e
|0>: xe{0,1}1 V2

Alfons Laarman 29 / 51




Superposition

Now you understand superpositions. This is what distinguishes quantum from
probabilistic systems.
It follows from the negative amplitudes; orthogonality in a real vector space:
1
1 1]- =
We will see that superpositions also lead of qubits / particles.
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Superposition

Now you understand superpositions. This is what distinguishes quantum from

probabilistic systems.

It follows from the negative amplitudes; orthogonality in a real vector space:

v o[-0

We will see that superpositions also lead

of qubits / particles.

Interpretation

Core idea

Copenhagen

Many-Worlds (Everett)
de Broglie-Bohm (Pilot Wave)

Objective Collapse
QBism

Relational QM
Consistent Histories
Ensemble (Statistical)

Transactional

Wavefunction encodes probabilities; mea-
surement yields a definite outcome.
Wavefunction never collapses.

Particles have definite positions guided by
a wave.

Wavefunction collapse is a real physical pro-
cess.

Quantum states represent an agent’s per-
sonal beliefs.

Properties exist only relative to other sys-
tems.

Quantum mechanics assigns probabilities to
entire histories.

Wavefunction describes an ensemble, not
individual systems.

Quantum events arise from advanced and
retarded wave exchanges.

All possible outcomes occur in branchin,

Alfons Laarman



Physics connection: the double-slit experiment

source @

- bright (constructive)

dark (destructive)

Particles behaves like waves; the slits split the wave source; on the screen the waves
add or subtract:

» bright: +% + %

(reinforce)
> dark: +1 —1=0

(cancel)
A single particle interferes with itself — our negative weights made visible.
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Bringing it all together: can a quantum computer solve SAT?

Let F be a CNF formula over variables x1, x2, ..., x, and Cr be its reversible circuit
(omitting ancillas):

0) - x1
10) o x2

X

0) T -
|0) 7 A L1
lpo)  lp1)  le2)
o) = 10)®" |0) s le1) = =2 19 [0) £, le2) = = 2 190 [F()
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Bringing it all together: can a quantum computer solve SAT?

Let F be a CNF formula over variables x1, x2, ..., x, and Cr be its reversible circuit
(omitting ancillas):

o —{H—T—  u
O —fA— ¢ — e

X

0) T -
|0) 7 A L1
lpo)  lp1)  le2)
o) = 10)®" |0) s le1) = =2 19 [0) £, le2) = = 2 190 [F()

Post-selecting output = 1 on |p2) leaves a uniform superposition over the
assignments — measure and read off a solution!
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Bringing it all together: can a quantum computer solve SAT?

Let F be a CNF formula over variables x1, x2, ..., x, and Cr be its reversible circuit
(omitting ancillas):

o —{H—T—  u
O —fA— ¢ — e

X

0) T -
‘0> > /7/\ ; 1
lpo)  lp1)  le2)
o) = 10)®" |0) s le1) = =2 19 [0) £, le2) = = 2 190 [F()

Post-selecting output = 1 on |p2) leaves a uniform superposition over the
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Bringing it all together: can a quantum computer solve SAT?

Let F be a CNF formula over variables x1, x2, ..., x, and Cr be its reversible circuit
(omitting ancillas):

o —E— — =
o —lA— |

X

0) T -
|0) 7 A L1
lpo)  lp1)  le2)
o) = 10)®" |0) s le1) = =2 19 [0) £, le2) = = 2 190 [F()

Post-selecting output = 1 on |p2) leaves a uniform superposition over the
assignments — measure and read off a solution!

Prlout = 1] = &1—“—)

(If post-selection were free: PostBQP = PP D NP [AARONSON].)

is often = exponentially many tries.

Alfons Laarman



Roadmap

» Quantum computing in a nutshell

Classical & reversible circuits

Randomness: the probabilistic die
Superposition: the reversible die (Hadamard)
Entanglement

Linear algebra

VVYVYVYY

Classical circuits reversibility Reversible circuits
AV - Toffoli (CCX)
randomness randomness
Y Y

Probabilistic circuits Quantum circuits
a “die” / coin flip reversibility Hadamard + Toffoli [1]

push-out
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Entanglement

A classical “Bell pair”: roll the die, then copy it with a CNOT (controlled not).

1
2

0o —{HF—o—0»

0 ——— b

start after die after cNOT
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Entanglement

A classical “Bell pair”: roll the die, then copy it with a CNOT (controlled not).

0o —{HF—o—0»

0 ——— b

start after die after cNOT

Perfectly correlated: % |00) + % [11).  nrandom bits = an exponential (2")

vector:
% 00
Ljo0y+ L) = | 9 [ *®
V2 V2 9 10
V2l 1

Alfons Laarman 33 /51



Physics connection: EPR and “spooky action at a distance”

measures instantly
=0 also 0

Measuring one half instantly fixes the other — however far apart. Einstein's
“spukhafte Fernwirkung” (EPR, 1935).

But no signal travels: the outcomes are correlated, not controllable. Entanglement is a
resource, not a telephone.

Alfons Laarman 34 /51



Roadmap

» Quantum computing in a nutshell

Classical & reversible circuits

Randomness: the probabilistic die
Superposition: the reversible die (Hadamard)
Entanglement

Linear algebra

VVYVYVYY

Classical circuits reversibility Reversible circuits
AV - Toffoli (CCX)
randomness randomness
Y Y

Probabilistic circuits Quantum circuits
a “die” / coin flip reversibility Hadamard + Toffoli [1]

push-out
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Bra—ket / Dirac Notation

oy =[] =%
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Bra—ket / Dirac Notation

0) =

(8]  1m=1[%]

1
0
woff] ] ]
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Bra—ket / Dirac Notation
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Bra—ket / Dirac Notation

oy =[] =[]
1 0 0 0
oo =[¢] eu=[i] =[] an-[f]
0 0 0 1
1 0 0
0 1 0
0 0 0
oooy= |8|  Joony= |8 = |8
0 0 0
0 0 0
0 0 1
—— ——
0) |0} o) [0)]0)[1) [DI1)[1)
(000| = [000)" = [10000000] (conjugate & transpose)
(0[(0[{o|
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Bra—ket / Dirac Notation

oy =[s] I =1[8]
1 0 0 0
oo=[8] ow=[f] no=[¢] =g
0 0 0 1
1 0 0
0 1 0
0 0 0
j000) = |8 joor) = |8 iy = |9
0 0 0
0 0 0
0 0 1
~—— ~—— ——
[0)10)10) [0)10)[1) [1)[1)]1)
(000| = [000)" = [10000000] (conjugate & transpose)
(0[(0[{o|
Tricks:
(i|M1j) = M;; (matrix entry i, j)
() = o1 (1iffi =)
lo) (o] (density matrix/operator of the pure state |¢))
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Qubits, more generally (1)
A one-qubit quantum state is a vector § = |:§] € R? (or more generally € C?) on the

unit circle (i.e. a2+ 32 =1):
= al0)+ 6 1)

=elo) o =[5 H

R
N

Ll

— =

|
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Qubits, more generally (1)

A one-qubit quantum state is a vector § = |:§] € R? (or more generally € C?) on the
nit circle (i.e. o2 +p%2=1):
=al0) +8(1)

bl

u
5
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Qubits, more generally (1)

A one-qubit quantum state is a vector § = |:§] € R? (or more generally € C?) on the

nit circle (i.e. o2 +p%2=1):
~alo)+ A1)

w=el] +o i) = 3

u
s

B

NG
‘V o
N
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Qubits, more generally (1)

A one-qubit quantum state is a vector § = |:§] € R? (or more generally € C?) on the
nit circle (i.e. o2 +p%2=1):
=al0) +8(1)

w=el] +o i) = 3

u
s

[‘ﬂ

o X
prob.1

Alfons Laarman

36 / 51



Qubits, more generally (1)
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Qubits, more generally (1)
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Qubits, more generally (1)
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Physics connection: polarizing filters and the Born rule

: D \\§\\ mrtensgy
o< cos” 6

vertical .
1) axis at 6

A filter projects the polarization onto its axis:
amplitude = cos 6, prob = cos” 6.

The squaring is the Born rule: prob = |amplitude|?.

A filter is a measurement in a rotated basis — |1) read along 6: |(0|1])|? = cos?
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Physics connection: polarizing filters and the Born rule

: D \\§\\ Inrter‘s';y
o< cos” 6

vertical .
1) axis at 6

A filter projects the polarization onto its axis:
amplitude = cos 6, prob = cos” 6.
The squaring is the Born rule: prob = |amplitude|?.
A filter is a measurement in a rotated basis — |1) read along 6: |(0|1])|? = cos?

Three filters 0°—45°—907: inserting the middle one lets light through two crossed
filters — measurement changes the state!

Alfons Laarman 38 /51



Physics connection: Heisenberg’'s uncertainty principle

X smal

» position x

Ap large
e .

$ momentum p

Ax-Dp > 1

Pin down position and momentum spreads out — you cannot sharply know both.

A qubit tells the same story: a measurement in the computational basis (|0}, |1))
leaves the conjugate basis (|+), |—)) maximally uncertain.

Measurement collapses one observable — at the cost of the other.
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Many qubits: an amplitude distribution over bit strings

One qubit: §= «|0) + B|1), a vector on the unit circle (a2 + 52 = 1).
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Many qubits: an amplitude distribution over bit strings

One qubit: §= «|0) + B|1), a vector on the unit circle (a2 + 52 = 1).

n qubits: an amplitude for every bit string b € {0,11}":

ago...0
. ago...1 )
W= ¥ eB=| . | Y-t
be{o1}n o111 b
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Many qubits: an amplitude distribution over bit strings

One qubit: §= «|0) + B|1), a vector on the unit circle (a2 + 52 = 1).

n qubits: an amplitude for every bit string b € {0,11}":

Qgo...0
. Q0. .1 )
)= S elB=| . |, =1
be{o,1}" o111 b
» A superposition is exactly such a vector — like a probability distribution, but

amplitudes may be negative (in general: complex).
» 2" amplitudes for n qubits: the exponential cost Feynman warned about.

> Measuring all qubits returns b with probability \a5|2 (Born rule).
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Many qubits: an amplitude distribution over bit strings

One qubit: §= «|0) + B|1), a vector on the unit circle (a2 + 52 = 1).

n qubits: an amplitude for every bit string b € {0,11}":

Qgo...0
. Q0. .1 )
o) = 3 eglB) =] . |, =1
be{o,1}" o111 b
» A superposition is exactly such a vector — like a probability distribution, but

amplitudes may be negative (in general: complex).
» 2" amplitudes for n qubits: the exponential cost Feynman warned about.

> Measuring all qubits returns b with probability |O‘E|2 (Born rule).

This is the whole state space — and gates are just linear maps on these vectors.
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From circuits to linear algebra (1): a gate is a matrix

A state is a (one entry = 1):

ol w-[f
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From circuits to linear algebra (1): a gate is a matrix

A state is a basis vector (one entry = 1):

ol w-f)

A reversible gate is a permutation matrix. NOT
(X) swaps |0) <> |1):
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From circuits to linear algebra (1): a gate is a matrix

A state is a basis vector (one entry = 1):
one-bit circuit:

o=l W= ) —e— I

A reversible gate is a permutation matrix. NOT
(X) swaps |0) <> |1):

!

Running the gate = matrix x vector:

o=t 15-[-»
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From circuits to linear algebra (1): a gate is a matrix

A state is a basis vector (one entry = 1):
one-bit circuit:

1 0
0) = M , n= M : 0) —=&— [1)
A reversible gate is a permutation matrix. NOT the matrix is an automaton
(X) swaps |0) <> |1): (which state goes where):

[y (i)

Running the gate = matrix x vector:

X|0) = {2 (1)] H = m = Q

column |b) of X = where |b) goes.
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From circuits to linear algebra (2): bigger gate, bigger matrix

n qubits = 2" basis states. Toffoli flips bit 3 only when bits 1,2 are both 1: it swaps

|110) <+ |111) and fixes the other six.

three-bit circuit:

1) —e— [1)
1) 1) CCX =
|0) Qg 1)

CCX |110) = [111)

coocoocoor
coocoocoro
coocooroo
coocorooo
cooroooo
coroocooo
=l=Y=lot=Y=Y=]
[SEY=TY=Y=Y=)

the other six
map to themselves
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The Toffoli permutation, as an automaton

ToFFOLI only [110) <+ |111) and fixes the other six. The same permutation,
drawn two ways:

Cex(|b) , |B)) = Cex(1by , |b7)) =

%M
900 ¢
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The Toffoli permutation, as an automaton

ToFFOLI only [110) <+ |111) and fixes the other six. The same permutation,
drawn two ways:

Cex(|b) , |B)) = Cex(1by , |b7)) =

%M
900 ¢

CCX(|bY , |b)) read off ; CCX(|bY , |b')) read off

Alfons Laarman



Wires side by side = tensor product: X ® CX

Top wire X, bottom two wires CX act , so the gate is X ® CX. lts
automaton is the of the two:

ok
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Wires side by side = tensor product: X ® CX

Top wire X, bottom two wires CX act , so the gate is X ® CX. lts
automaton is the of the two:

ok
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Wires side by side = tensor product: X ® CX

Top wire X, bottom two wires CX act , so the gate is X ® CX. lts
automaton is the of the two:

DS
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Gates in sequence = matrix product: CCX x (X @ CX)

Do X ® CX , then CCX. Follow the arrows: state b — b’ — b'’. Circuit order
= matrix order is i CCX x (X ® CX).




Entanglement: The Bell state / EPR pair
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Entanglement: The Bell state / EPR pair

H®I

CNOT

CNOT
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Entanglement: The Bell state / EPR pair

=00

=11

— O O

1 _ 1
=35

|00) +

1
V2

H®I

CNOT

CNOT
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Entanglement: The Bell state / EPR pair

=00

=11

— O O

1 _ 1
=35

|00) +

1
V2

H®I

CNOT

CNOT
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Entanglement: The Bell state / EPR pair

=00

=11

— O O

1

1) =

1

V2

|00) +

1

V2
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Entanglement: The Bell state / EPR pair

collapses to L

ranY
N

=00

=11

— O O

1

1) =

1

V2

|00) +

1

V2

H®I

CNOT

CNOT

46 / 51
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Entanglement: The Bell state / EPR pair

—
o~
—
®
—
o~
—
Il
o oo R

17 =00
L |00y + L 11) = L. 0
V2 V2 T Vv2 |0
1] =11
1000 1 1?00 (1) (1) (1) (1) 1 1 (1)({88 (1)
(a3t e [8] = [R089] 18 52 ) 3] = & [aiEE] 8]
0010 0 0010 0 1 0-1 0 0010 0
_—
cNoT cNOT ol [(1)]®2 cnoT

Entanglement states cannot be expressed as a tensor product of single-qubit states:

5 - () - e e e
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We read circuits from left to right, but the linear algebra works the other way around!

H =cea ]
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H =cea ]

Definition (Tensor product)

A tensor product of matrices A, B, written A® B, is defined as:

ap-B apn-B ... ag-B a00 401

ajo-B an-B ... a;-B aln  an
A®Q B = . . . . , where A =

ao-B an-B ... ay-B ako a1

Alfons Laarman
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H =cea ]

Definition (Tensor product)

A tensor product of matrices A, B, written A® B, is defined as:

ap-B an-B ... ag-B] a0 4ol
aio-B an-B ... ay-B ajp  an
A®Q B = . . . . , where A =
ako-B akl-B ak,-B_ ako agl
-0
0
0
100y = |9
0
0
Lo
®2
011
HER
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H =cea ]

Definition (Tensor product)

A tensor product of matrices A, B, written A® B, is defined as:

ap-B an-B ... ag-B] a0 4ol
aio-B an-B ... ay-B ajp  an
A®Q B = . . . . , where A =
ako-B akl-B ak,-B_ ako agl
-0
0
0
100y = |9
0
0
Lo
®2
011
HER
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Universal gate-sets

Three-qubit gate set
The set { H, CCX } is for any unitary! [1]
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Universal gate-sets
Three-qubit gate set

The set { H, CCX } is for any unitary! [1]

Single qubit-gates

[1]  D. Aharonov, “A simple proof that toffoli and hadamard are quantum universal,” arXiv preprint
quant-ph/0301040, 2003.
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Universal gate-sets

Three-qubit gate set
The set { H, CCX } is for any unitary! [1]

Single qubit-gates

1 1 1 0 1 0
Ll O N
Other universal gate sets
The set { H, T,CNOT } is for any unitary...
The gate set { H,S,CNOT } is universal and classically simulatable...

[1]  D. Aharonov, “A simple proof that toffoli and hadamard are quantum universal,” arXiv preprint
quant-ph/0301040, 2003.
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Summary & step to quantum

For a circuit mapping n to n bits:

Circuit picture Linear algebra picture
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Circuit picture Linear algebra picture
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Summary & step to quantum

For a circuit mapping n to n bits:

Circuit picture Linear algebra picture

state of n bits vector V of length 2"

2" x 2™ matrix M

gate

evaluate the circuit on some input matrix-vector product
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Summary & step to quantum

For a circuit mapping n to n bits:

Circuit picture Linear algebra picture

state of n bits vector V of length 2"

2" x 2™ matrix M

gate

evaluate the circuit on some input matrix-vector product

sequential composition of gates
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Summary & step to quantum

For a circuit mapping n to n bits:

Circuit picture Linear algebra picture

state of n bits vector V of length 2"

2" x 2™ matrix M

gate
evaluate the circuit on some input matrix-vector product
sequential composition of gates matrix product
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Summary & step to quantum
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Now let's make the step to quantum!

Note: generally, quantum has complex numbers (\712 — |7]?, etc.), but we will only
use real numbers today.

Note: We can use automata instead!
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“If you were shot with a poison arrow,
would you waste time and breath by ask-
ing who shot the arrow, how tall was he
and of what complexion?”

Siddhartha Gautama

Alfons Laarman 50 / 51



“If you were shot with a poison arrow,
would you waste time and breath by ask-
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and of what complexion?”

Siddhartha Gautama

“Shut up and calculate”

Feyn man (maybe)
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Takeaways

» “Quantum computing becomes easy once one takes the physics out” — Aaronson

Further reading: see books [1-3]

[1] R. J. Lipton and K. W. Regan, Introduction to quantum algorithms via linear algebra. MIT Press, 2021.
[2]  J. Watrous, The theory of quantum information. Cambridge university press, 2018.

[3] M. A. Nielsen and I. L. Chuang, “Quantum information and quantum computation,” Cambridge: Cambridge
University Press, vol. 2, 2000

[4] A.-J. Quist, J. Mei, T. Coopmans, and A. Laarman, “Advancing quantum computing with formal methods,”
arXiv preprint arXiv:2407.11675, 2024.

[5] D. Thanos, A. Villoria, S. Brand, A.-J. Quist, J. Mei, et al., “Automated reasoning in quantum circuit
compilation,” in Model Checking Software (SPIN), 2024
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